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Optimal Prediction

# True distribution, don’t actually

have access to it
Goal: Predict Y € R given X € RY if (X, Y

Find function n that minimizes # Tower rule: E[Y] = Ex[E[Y|X]]

Exy[(Y = n(X))*) = Ex |Ey x[(Y - n(2))?X = 2]

(Hint: for any z, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)?| X = ])

d 2
C
= Eyx2(Y = o)(= DX =] =0

= — 2[[EY|X[Y|X =x]—¢c]=0 # c does not depend on 'Y

Cy = Ey|x[Y|Xz x] = n(x)




Optimal Prediction

Goal: Predict Y ¢ R given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy[(Y = n(X))*) = Ex |Ey x[(Y - n(2))?X = 2]

(Hint: for any z, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)?| X = ])

d
d

= Eyx[-—(Y — )| X = 1]

x

Squared Error Optimal Predictor: n(z) = Ey | x[Y|X = 2]




Statistical Learning
Exy[(Y —n(X))?]

Pxy(X =z,Y =y) # Low density

A

# High density



Statistical Learning
Exy[(Y —n(X))’

PXy(X :ﬂj,Y:y)

PXy(Y — y‘X — .CCQ)

/,’l
.........................................................



Statistical Learning
Exy[(Y —n(X))?]

”'I
.........................................................



Statistical Learning
Exy[(Y —n(X))’

Pus(l =3,V =g Ideally, we want to find:
u n(z) =By x[Y|X = ]

PXy(Y — y‘X — J?Q)

I”l
.........................................................



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

# n(x)



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

But we only have samples:
(CUz',yi) Z.Z\.Jd' PXY for ¢ = 1,...,n

#n(x)



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

But we only have samples:
(:L’i,yi) Z.Z\.Jd' PXY for ¢ = 1,...,n

and are restricted to a
function class (e.g., linear)

SO we compute:

2 1
f = argmin — ;(yz — f(x))?

# 1 n(x) Why?

# nis limited # could have chosen
wrong model class F

#n(x)



Empirical Reconstruction Error (ERE)
# What is the [E[]/f\ ?

[EXY[_ 2 (i — )]

= — Z E[ (yl (x )) # By linearity of expectation

I
== [E[(y —fC))’] by ID: E[x] forany i = E[x]Vx
=1

= E[(y —f(x))z] # Yet again, it works out to the mean squared error!

Minimizing ERE — minimizing squared error loss in general
So? Minimizing empirical error on dataset is a good thing to do



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
nz) = By x|[Y|X = 1]

But we only have samples:
(@, 8) . Pxy fori=1,...,n
and are restricted to a
function class (e.g., linear)
SO we compute:

P i o=

f=argmin— > (y; — f(;))’

Fn
X - i=1

AN

We care about future predictions: Exy [(Y — f(X))?]




Statistical Learning

Pivi( =a,V =g Ideally, we want to find:
2 n(z) =By x[Y|X = ]
/ But we only have samples:

zzd

(ﬂji,yz) PXY forz'zl,...,n

N\
/ .
/ and are restricted to a
function class (e.g., linear)
SO we compute:

F=argmin - 3 (v — f(2,)?

Fn
X fe 1=1

Each draw D = {(x;,y;)}I, results in different 13



Statistical Learning

Pivi( =a,V =g Ideally, we want to find:
n(x) =Ey | x|[Y|X = 7

But we only have samples:

(ﬂji,yz)zzdpxy forz'zl,...,n

and are restricted to a
function class (e.g., linear)
SO we compute:

~ 1

f=argmin — 3y — f(a:))?

Fn
X fe 1=1

Each draw D = {(x;,y;)}I, results in different F



What affects generalization error?

# Our noisy estimate given limited samples

# Theoretical optimal predictor n and possibly wrong model class F
= _ i N
n(x) - EY|X[Y|X i :c] i = af%m@— %(yqz — f(z4))
f&F)n «
=
Ey x(Ep)(Y — fo(2))?]| X = 2] # Generalization error we want to minimize

AN

= Eyx [Ep[(Y —n(2) + n(x) — fo(x))*]| X =]
A B

“Eypx [Ep[(Y = (x))? +2(Y = n(2))(n(x) = fo(@)) + (n() — Fp(2))*]|X =2
A2 2AB B2

# Can we get rid of any terms?
#2AB — 0



What affects generalization error?

AN

“Eyix [Ep[(Y = n(@))? + 20V = n(@))(n(x) - fp(x) + (n(x) — Fo(2))?]| X = 2]

A2 2AB B2
#2AB — 0
N\
En EpZY — n0)ns) = o)
No D No Y

[EY|X:%2(Y— n(x)]]
=Ey Y —E[Y|X=x]|X=x]  #by n(x) = Eyy[¥|X = x]

=0 Why does this work? Y & D are independent of each
other w.r.t. the sources of randomness we're considering



What affects generalization error?

# Our noisy estimate given limited samples

# Theoretical optimal predictor n and possibly wrong model class F
() = Ey | x|[Y|X = x| = argm (;))?
7 Y| X g @ 9
n
Ey| (Y — fp ]|X = 1] # Generalization error we want to minimize

AN

= Eyx [Ep[(Y —n(2) + n(x) — fo(x))*]| X =]

A B
By x [Enl(Y — n(2))* +2(Y — (@) (aT5(®)) + (n(z) — fo(2))?]|X = 2]
A2 2AB B2

=By x[(Y — n(2))*|X = 2] + Ep|(n(x) — fp(z))’]

irreducible error learning error
Caused by stochastic Caused by either using too “simple” of a
label noise model or not enough data to learn the model

accurately 4 ony thing in our control



Learning error — Bias-Variance Tradeoff

o il o
We) = Byx[VIX =2]  F=argpin (s S

Ep|[(n(x) — o (z))?] # Learning error (in our control)

P

= Ep[(n(z) — Ep|fp(z)] + Ep[fp(x)] — fp(z))?]

A B

=Ep[(n(z) — Ep[fp(2)])* + 2(n(z) — Ep[fo())(Ep[fo(2)] — fo(2)) + Ep[fo ()] — o))
A2 2AB B2

#2AB — 0



Learning error — Bias-Variance Tradeoff

#2AB — 0

Ep[2(n(x) — [ED[]/C\D(x)]) D[]/‘\D(x)] — ]/‘\D(x)) # Which goes to zero?
A =

E 100 = Eplfp(x)] = O



Learning error — Bias-Variance Tradeoff

n@) =Eyix[Y|X =2 f=arsmin > (- f(@)°
Ep[(n(z) — fp(x))*] = Ep[(n(z) — Ep[fp(z)] + Ep[fp(z)] — fo())*]
= Ep[(n(x) — Ep[fp(x)] + Ep[fp(2)] — fp(2))’]
=Ep[(n(z) — Ep|fp(2)])” +2ur) = EalateHErtHFotmt =75t + (Eo(fo ()] - fn(x))’]
=(n(x) — Ep[fp(x)])* + Ep[(Ep[fp(2)] — fo(2))’]

biased squared variance

Learning error = bias? + variance

Bias: diff between true function and average predictor. High if
function class F can’t describe data

Variance: for a particular dataset D ~ Pxy, how diff is]/f\ from averagef
Varying wildly — error



Statistical Learning

Ep[(n(z) — fp(x))*] =(n(z) — Eo[fp(«)])* + Ep[(Ep[fp(x)] — fn())’

learning error = biased squared

> r\

«—

+ variance

FaS

f = arg gcréi]r_; % ;(y — f(z:))

AN

ol f()]

n(z) = Ey | x|[Y|X = ]




Bias-Variance Tradeoff

N\
f A single predictor fit to one sampled dataset

7/]()6) True data-generating function

N\
Expected value of functions fit to data. Average f

# Which pic below has high bias? Which has high variance?

]’c\

Y 3 Bias

X

High bias, low variance High variance, low bias

22



That was a lot of
math



# High bias = underfitting

That was a lot of
math

N

# High variance = overfitting "WARIANCE" GUESSES WRONG III TES“"G

1 (’f
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- !,!“\""’*-uﬂ' -r T o

¢ “—““- - — -

TS GOING.TO BEOK_




Bias-Variance Tradeoff

Ey x[Ep[(Y — fp(2))?]|X = 2] = By x[(Y — n(z))?|X = 2]

irreducible error

+(n(x) — Ep[fp(2)))” + Ep|(Ep[fo(x)] — fo(x))?]

biased squared variance

—— bias?
—— variance
— total

error

complexity



Bias-Variance Demo

See

UNIVERSITY of WASHINGTON


https://drive.google.com/file/d/1NAVoZZtGo0oACXGf5xOYUaSXeEgScufe/view?usp=sharing

In [1]:

Bias-variance tradeoff

Let's define a ground truth n(x) = E[Y|X = x] to be a degree-5 polynomial.
Then, define P(Y | X = x) = N'(x, 62)

1 import numpy as np ® train dataset
2 import matplotlib.pyplot as plt L4 ® ® test dataset
3 o El

4 # Define \eta = E[Y|X] as a 5-th order polynomial 0.05 4 o * = True E[¥]X=x]
5 # (this is the same function we used in demo_polynomial.ipynb)

6 eta = lambda x: (x-.99)%(x—.4)%(x-.25)%(x+.6)*(x+.8)

7

8 # Generate samples from P(X,Y) 0.00 4

9 def sample_Pxy(n, noise_sigma=0.03): ’

10

11 # Sample inputs x from P(x).

12 X = np.random.uniform(-1,1,n)

13 X = np.sort(x) -0.05 -

14 x[0]=-1

15 x[n-1]1=1

16

17 # Draw samples from P(Y|X)

18 y = eta(x) + noise_sigma*np.random.randn(n) -0.10 4

19

20 return x,y y

21

22 # Generate training data.

23 n_train = 40 # sample size -0.15 A1

24 x, y = sample_Pxy(n=n_train)

25

26 # Generate test data.

27 n_test = 100

28 x_, y_ = sample_Pxy(n=n_test) -0.20 1

29

30 # Plot the samples and ground truth.

31 t = np.linspace(-1,1,100)

32 yo = eta(t) -0.25
33 fig=plt.figure(figsize=(9, 8), dpi= 80, facecolor='w', edgecolor='k"') ’

34 plt.plot(x,y,'mo',label="train dataset"')

35 plt.plot(x_,y_,'co',label="test dataset')

36 plt.plot(t,y@,'r-', linewidth=2, label='True E[Y|X=x]")

37 plt.legend y T T T T T T T
38 Su_shgw( ) 0 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

39 X

In typical scenarios, we only have one set of samples, which we separate into Siest and S'irain

e it is critical that those two sets do not overlap and the sets are chosen randomly to ensure that the test error is independent of the training error, and
also the test samples are coming frmo the same distribution as the new samples that will come in the future

However, in order to understand how the test error behaves (theoretically), we consider the expected test error, and call it true error: i.e. L, = E[Leq]

e test error is an unbiased estimate of the true error

e true error is unobservable (we canot copmute it, given finite samples)
¢ but we care the most about the true error

e so we use test error as a surrogate or an approximation

In order to compute the true error, we simulate a process where we get many fresh samples, and train new predictor each time with the fresh set of
samples. It is important to understand that the resulting predictor fsm () is a random function, where the randomness comes from the fresh random
training data set S\, . We will draw many such random functions, plot them, and see how test, train, true errors behave.

100




In [2]: 1 num_runs = 100
2 yhat_simple = np.zeros((num_runs,len(t)))
3 yhat_complex = np.zeros((num_runs,len(t)))
4 yhat_justright = np.zeros((num_runs,len(t)))
5
6 def poly_features(x, degree):
7 v
8 Generates a matrix where each column corresponds to x raised to a power from @ to 'degree'.
9
10 Parameters:
11 x (numpy array): The input data.
12 degree (int): The maximum degree of the polynomial features.
13
14 Returns:
15 numpy array: A matrix where the columns are [1, x, X2, ..., x“degree].
16 Wi
17 return np.vstack([x«xi for i in range(degree + 1)]).T
18
19 run=0
20 while run < num_runs:
21 n = 40 # sample size
22 X,y = sample_Pxy(n)
23
24 # degree-3 polynomial linear regression
25 p=3
26 X = poly_features(x, degree=p)
27 w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)
28 T_ = poly_features(t, degree=p)
29 yhat_simple[int(run)] = np.matmul(T_,w)
30 yh = np.matmul(X,w)
31 X_ = poly_features(x_, degree=p)
32 y_h= np.matmul(X_,w)
33 w_ =W
34
35 # degree-5 polynomial linear regression
36 p=5
37 X = poly_features(x, degree=p)
38 w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)
39 T_ = poly_features(t, degree=p)
40 yhat_justright[int(run)] = np.matmul(T_,w)
41 yh = np.matmul(X,w)
42 X_ = poly_features(x_, degree=p)
43 y_h= np.matmul(X_,w)
44 w_ =W
45
46 # degree-12 polynomial linear regression
47 p=12
48 X = poly_features(x, degree=p)
49 w = np.array(p+1)
50 w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)
51 T_ = poly_features(t, degree=p)
52 yhat_complex[int(run)] = np.matmul(T_,w)
53 yhl = np.matmul(X,w)
54 X_ = poly_features(x_, degree=p)
55 y_hl= np.matmul(X_,w)
56
57 run=run+1
58
59 def build_plot(yhat, title):
60 ave_fit = np.zeros(np.size(t))
61 for irun in range(1l, num_runs):
62 plt.plot(t,yhat[int(irun)], color='tab:orange',alpha=0.3)
63 ave_fit = ave_fit + yhat[int(irun)]
64 plt.plot(t,yhat[@], 'tab:orange',alpha=0.3,label="'Individual fits')
65 plt.plot(t,ye,'r-', linewidth=2, label='Truth')
66 plt.plot(t, (1/float(num_runs))*ave_fit, color='teal', linewidth=2,label='Average fit')
67 plt.legend()
68 plt.title(title)
69 axes = plt.gca()
70 axes.set_ylim([-0.4,0.2])
71

72 fig=plt.figure(figsize=(12, 6), dpi= 80, facecolor='w', edgecolor='k')
73 plt.subplot(1,3,1)

74 build_plot(yhat_simple, 'Degree 3')

75 plt.subplot(1,3,2)

76 build_plot(yhat_justright, 'Degree 5')

77 plt.subplot(1,3,3)

78 build_plot(yhat_complex, 'Degree 12')

79 plt.show()



Degree 3 Degree 5 Degree 12

02 0.2 0.2
Individual fits Individual fits
w— Truth w— Truth
— Average fit — Average fit
0.1 - 0.1 -
0.0 -
_0_1 -
-0.2 4
-0.3 4 —-0.3 4 |
Individual fits
= Truth
- Average fit
—04 T T T T T —0.4 T T T T T —0.4 T T T T
-1.0 -0.5 00 05 10 -1.0 -0.5 00 05 1.0 -1.0 -0.5 00 05 1.0
Takeaways

« True function has degree 5, with additive noise

* Degree 3 fit has very high bias because the teal line, which is the average of the fits, is very different from true red line (because 3 < 5). Each individual
fit (orange) varies about the average fit (teal) moderately indicating moderate variance. The overall error (bias2 + variance) of each individual fit is high.

« Degree 12 has very low bias because the teal line is almost equal to the red (because 12 > 5). But each individual fit varies a lot about its average teal
line indicating high variance. The overall error (bias? + variance) of each individual fit is high.

« Degree 5 has very low bias because the teal line is almost equal to the red (because 5 = 5). And each individual fit varies only a little about its average
teal line indicating small variance. The overall error (bias? + variance) of each individual fit is low.



